By using the field-theoretic method, we established a unified systematic formulation of a model of counterions and coions confined in two similarly charged plates, and calculated the density distributions of counterions and coions with various coupling parameters by the two methods: Poisson-Boltzmann ͑PB͒ approach and the strong coupling ͑SC͒ theory, respectively. We also performed Monte Carlo simulations, and obtained the density distributions of counterions and coions with several different coupling parameters. Comparing our theoretical results with those from Monte Carlo simulation, we find that the PB approach is valid when the coupling parameter ⌶ is smaller than 1, but, as ⌶у1, the results by the PB approach deviate from the corresponding Monte Carlo simulation data, and the deviation gets larger with the coupling parameter increasing. This shows that the PB approach is completely invalid when the coupling parameter is equal to 1 or larger than 1. For the latter case, the development trend of the distribution curve calculated by SC theory agrees with that from Monte Carlo simulation as the coupling parameter increases. This demonstrates that the SC theory can give a qualitative available explanation on the density distribution of the counterions in the system in which the coupling parameters are strictly confined.
I. INTRODUCTION
In the colloidal systems, electrostatic force often plays a dominant role in determining the physical-chemical properties.
1 This applies to as diverse systems as solutions of charged polymers and latex particles, to biological membranes, lyotropic liquid crystals and micellar solutions, and also to the polyelectrolyte solutions. It is well known that the force is often calculated by Debye-Hückel theory 2 based on Poisson-Boltzmann ͑PB͒ approach on the density distributions of the counterions and coions near the charged particles. However, since Guldbrand et al. 3, 4 found that, for the divalent counterions, the electrical double layer gives rise to an attractive van der Waals type pressure, a series of experiments [5] [6] [7] [8] [9] [10] [11] [12] [13] have witnessed the surprising result. They have paid for the failure of the PB approach in the highvalency ion system because the PB approach predicts only a repulsive interaction between the two similarly charged plates. Therefore, it is necessary to search or to found a new set of theory to deal with the distributions of counterions and coions in the colloidal systems with high-valency counterion, low-temperature, and strongly charged surface.
A number of approaches were proposed which incorporate counterion correlations that are neglected within PB theory. The first were integral-equation theories, perturbing expansions around the PB theory, and local densityfunctional theory, which compare well with simulation results and exhibit attraction. If the two plates are far apart from each other, the counterion clouds can be viewed as condensed on the plates, and the resulting simplified model can be solved within a Gaussian 14 -16 or harmonic-plasmon approximation. These approaches either involve numerics and do not provide much physical insight, or they are valid for asymptotically large plate separations and cannot be used to characterize the bound state.
Recently, Lau et al. 17 proposed a ''two-fluid'' model, in which the counterions are divided into a ''free'' and a ''condensed'' fraction, and argued that for high surface charge, fluctuations can lead to a phase transition in which a large fraction of counterions is condensed. This condensation picture may also be crucial to understanding the like-charged attraction. In addition, Moreira and Netz 18 -20 suggested a method called strong coupling ͑SC͒ theory on the distribution of counterions between the two similarly charged plates at high-valency, low-temperature, and strongly charged surface, and obtained an attractive pressure as the coupling parameter is larger than a certain number. Besides, they proved that the SC theory is valid as the coupling parameter approaches infinity, while PB approach is asymptotically exact as the coupling parameter tends to zero ͑they called it weak coupling case͒. In order to examine their new SC theory and to make clear the range of possible value of the coupling parameter, we extended the theory to the system that both counterions and coions are present between two similarly charged plates. In this paper, we first analyze quantitatively the possible values of the coupling parameter for the realistic system. Then, based on the field-theoretic method, we derived the expression of density profiles of counterions and coions between the two similarly charged plates in weak coupling limit and strong coupling limit, respectively. In addition, we did Monte Carlo simulations of the primitive model with the long-range electrostatic interaction and hardcore interactions. The Ewald sum techniques were used in the handling of Coulomb part of the interaction. Comparing our theoretical results with Monte Carlo simulation data, we found that the PB approach is valid when the coupling parameter ⌶ defined later in this paper is smaller than 1, but, as ⌶у1, the result by the PB approach deviates from the corresponding Monte Carlo simulation data, and the deviation gets larger with the coupling parameter increase. This shows that the PB approach is invalid when the coupling parameter is equal to 1 or larger than 1. For the latter case, the development trend of the profile curves of counterion density calculated by the SC theory with the coupling parameter increase agrees with that from Monte Carlo simulation. This demonstrates that the SC theory can give a qualitative explanation on the distributions of counterions and coions between the two similarly charged plates for the system in which the coupling parameter is strictly confined in a small range, corresponding to an intermediate coupling regime. We failed to obtain a quantitatively consistent theoretical result from the SC theory with the Monte Carlo simulation data when the coupling parameter is equal to 1 or larger than 1.
We organize our paper as follows. In Sec. II, we first set up a model for our considered system. Then, the Hamiltonian of the system is given and the range of the coupling parameter is discussed. Section III is devoted to derive the PB approach equation by using the field-theoretic method to calculate the densities of the counterions and the coions between the two similarly charged plates. After that, we compare the theoretic results by PB approach with those of Monte Carlo simulations. In Sec. IV, the SC theory is introduced and the case ⌶у1 is investigated. Finally, we give a conclusion in Sec. V.
II. THE MODEL AND THE COUPLING PARAMETER
We consider a system with N ϩ counterions of valence q and N Ϫ coions of valence Ϫq between two similarly charged plates on which the densities of surface charge are s . If the distance between the two plates is denoted by d, the Hamiltonian of the system is described by the primitive model with the Coulomb interactions v(r)ϭ1/r and hardcore interactions between ions as
where l B ϭe 2 /4⑀k B T is the Bjerrum length which measures the distance at which two-unit charges interact with thermal energy. The indices ␣ and ␤ in Eq. ͑1͒ runs over all possible permutations ͑viz., ϩϩ, Ϫ, ϩϪ, and Ϫϩ͒, i.e., we consider the different hard-core potentials, ␣␤ (r)ϭ ␣␤ (r j Ϫr k ) for different combinations of ions, where ␣␤ (r) are expressed as
For the sake of simplicity, the dielectric constant ⑀ is assumed to be homogenous throughout the system. Assuming that A denotes the area of a plate, d the distance between the two plates as mentioned above, and a the average distance among ions, we can write a as
.
͑3͒
Scaling the length with the average a, i.e., rϭar, the Hamiltonian becomes
where
is defined as the coupling parameter of the system, and ␣ ϭ2ql B s a, another constant related with the charge density on the plate, can be determined by electroneutrality relation (N ϩ ϪN Ϫ )qϭ2A s if ⌫ is known. From the plasmas' analysis made by Baus and Hansen, 21 we know that, when ⌫Ӷ1, the system is in the weak coupling limit and its physical-chemical properties such as the distributions of ion density, electrostatic interaction, osmotic pressure, and so on can be obtained by the PB approach. When ⌫у1, the PB approach is not valid, while the SC theory probably gives an available explanation for the above physical-chemical properties. Now, it is necessary to make a particular analysis for the possible maximum of the coupling parameter because Netz and Orland 22 stated that the SC theory is exact only when the coupling parameter approaches infinity. It is well known that the temperature that keeps water into liquid is between 273.15 and 373.15 K, i.e., l B is from 0.5683 to 0.7763 nm. The average distance between ions, a, should be larger than (d ϩ ϩd Ϫ )/2. In the following section, we discuss the particular range of ⌫ with the solution of salt NaCl: d ϩ ϭ0.2 nm, d Ϫ ϭ0.36 nm, and aϾ0.28 nm as an example. Therefore, for qϭ1, ⌫Ͻ3; for qϭ2, ⌫Ͻ11; and qϭ3, ⌫Ͻ25 according to Eq. ͑5͒.
In order to compare the results obtained by Netz and Orland, 22 we define another coupling parameter ⌶ as
and another length scale as
⌶ is the same as Netz et al. defined and the , called GouyChapman length, measures the distance from the wall at which the potential energy of an isolated ion reaches thermal energy. Rescaling the length with , i.e., rϭr, the Hamiltonian can be rewritten as
where the relationship of ⌶ and ⌫ is determined by the electroneutrality condition as
Thus, for the system we consider here: N ϩ ϭ312, N Ϫ ϭ56, and d ϭ2, we have qϭ1, ⌶Ͻ21; qϭ2, ⌶Ͻ150; qϭ3, ⌶Ͻ519 according to Eq. ͑9͒ and our analysis on ⌫. On the other hand, when qϭ1 and ⌶ϭ21 we get ϭ0.037 from Eqs. ͑6͒ and ͑7͒, and r 0 ϭr 0 /ϭ7.6Ͼd where r 0 is the minimum distance between ions ͑for NaCl, r 0 ϭ0.28 nm). Obviously, the ions cannot exist in such a system. Inversely, the ions can exist in the system only if r 0 Ͻd ϭ2, which gives Ͼ0.14 and an up bound of ⌶Ͻ5.
III. POISSON-BOLTZMANN APPROACH AND BEYOND

A. Poisson-Boltzmann approach
In this section, we will investigate the density distributions of the counterions and the coions as the coupling parameter ⌶ is smaller than 1, i.e., a weak coupling case. At the same time, we choose the hard-core potential, ϭ0, because the solution is very sparse and the distance r between ions satisfies the condition rӷ(d ␣ ϩd ␤ )/2. For the derivation of the mean-field approximation and corrections to it, we can write the partition function of the system according to Eq. ͑1͒ in which all 1/r are replaced by the Coulomb potentials v(r) as
where the Heaviside function is defined as ͑z͒ϭ ͭ 1 for zϾ0
and h ϩ (r) and h Ϫ (r) have been added as auxiliary fields for the density distribution calculations later on. Introducing the density operators of counterions and coions as
the partition function can be rewritten as
We need to transform the partition function, Eq. ͑13͒, such that the configurational integral over the ion positions can be performed. The standard way to do this is to introduce a fluctuating field ͑r͒, which in the present case is equivalent to the electrostatic potential. The configurational integral over all ion positions is thereby replaced by a functional integral over the electrostatic potential since there is a oneto-one correspondence between charge distributions and electrostatic potential distributions. After a set of transformations as described in Appendix A, the partition function can be written as
where we used the rescaled functions (r/)ϭ(r)/ s . The rescaled fugacity ⌳ ϩ and ⌳ Ϫ are defined by
2 l B , respectively. According to the density definition ͗(r)͘ϭ␦ ln Z /␦h(r) 3 , we obtain the rescaled densities of the counterions and the coions as
͑16͒
From Eq. ͑14͒, we can see that ⌶ plays the role of the inverse loop parameter in a standard saddle-point expansion. In the limit when the coupling parameter becomes small, the prefactor in front of the field-theoretic action H in Eq. ͑15͒ becomes large and the functional integral is dominated by the integrand evaluated at the saddle point, determined by the saddle-point equation
The saddle-point equation leads to the differential equation
and the boundary condition
We define a physical quantity as
where s A is the number of charges on plates. Thus, ⌳ ϩ and ⌳ Ϫ in Eq. ͑18͒ can be determined by the normalization condition and the electroneutrality condition
Equation ͑18͒ can be numerically solved by the shotting method after which the result is substituted into Eq. ͑16͒. Then adding the boundary condition, Eq. ͑19͒, and the normalization condition, Eq. ͑21͒, the density distributions of the counterions and the coions can be worked out.
B. Discussion
We plot the density distributions corresponding to the coupling parameters: ⌶ϭ0.1, ⌶ϭ1.0, and ⌶ϭ1.5 in Fig. 1,  Fig. 2, and Fig. 3, respectively. From Fig. 1 , we see that the densities of counterions near the two plates is far larger than those in the middle of the two plates, while, for the coions, the density distribution is just reversed. This shows that the Coulomb interaction between the counterions and the charged plate is far stronger than the thermal diffusion of counterions near the two plates. But, in the middle of the two plates, the thermal diffusion plays a dominant role for the density distribution of counterions and coions. Comparing the curves drawn by line with those represented by symbol in Fig. 1 , we find that the theoretical results by PB approach, Eq. ͑18͒, are in good agreement with those from the Monte Carlo simulation for both the counterions and the coions. This demonstrates that the PB approach is valid when the coupling parameter is smaller than 1. Figure 2 illustrates the density distributions of counterions and coions at ⌶ϭ1.0. It shows that, for the counterion density, the theoretical results calculated by PB approach are larger than those from Monte Carlo simulation near the two plates, but in the middle of the two plates the theoretical results are smaller than those from Monte Carlo simulation. For the coion density profile, all the theoretical results are smaller than those from Monte Carlo simulation. This indicates that the PB approach is completely invalid for calculating the density distributions of both counterions and coions between the two similarly charged plates at ⌶ϭ1.0.
In order to make the available ⌶ range of PB approach more clear, we exhibit the density distributions of the counterions and the coions at ⌶ϭ1.5 in Fig. 3 . The curves in Fig.  3 show a similar trend to those in Fig. 2, but, for the counterions, the theoretical curves by PB approach near the plates are higher than those from Monte Carlo simulation, while in the middle of the two plates the theoretical curve is lower than that from Monte Carlo simulation. For the coions, the theoretical values are smaller than those from Monte Carlo simulation. Combining Figs. 2 and 3 , we see that the PB approach is not available for calculating the density distributions of counterions and coions in our considered system when the coupling parameter ⌶ is either equal to 1 or larger than 1.
IV. THE STRONG COUPLING THEORY
From Sec. III, we know that PB approach can give an asymptotically exact result on the density profile of counterions in our system only if the coupling parameter is smaller than 1. From Eq. ͑14͒, we see that the prefactor of the fieldtheoretic action, H , becomes small if ⌶у1, and the saddlepoint expansion used in Sec. III is of no use now. Instead straight perturbation in the fugacity ⌳ can be used, which is nothing but a standard virial expansion. This will lead to an expansion which becomes accurate when ⌶ is sufficiently large. The leading term of this expansion, i.e., the first leading virial contribution, corresponds to the asymptotically exact result in the limit ⌶→ϱ. Now we reconsider the hardcore potentials of Eq. ͑1͒ and rewrite the partition function as Eq. ͑13͒. After a set of transformations to the partition function as described in Appendix B, we obtain
The rescaled density distributions of counterions and coions calculated by PB approach and by Monte Carlo simulation, respectively, in the solution system with the coupling parameter, ⌶ϭ1.5 and the distance between two charged plates, d ϭ2.
Therefore, the expectation values of the counterion density and the coion density can be obtained by taking a functional derivative of the logarithmic partition function with respect to the generating field h, ͗ ϩ (r)͘ϭ␦ ln Z ϩ /␦h ϩ (r) 3 and ͗ Ϫ (r)͘ϭ␦ ln Z Ϫ /␦h Ϫ (r) 3 . As in the case of the loop expansion, all expectation values can be written in terms of an expectation. Here, however, the expansion parameter is the ratio ⌳/⌶, which means that the larger ⌶ is the better should be the present expansion. The density distributions, rescaled
2 ), can be written as
where the leading order follows as ϩ,0 ϭ⌳ ϩ , Ϫ,0 ϭ⌳ Ϫ , ͑25͒
and the next leading terms are
where ͑rϪrЈ͒ is the hard-core potential which avoided overlapping between the ions. Equation ͑26͒ shows that Ϯ,1 (r) themselves also depend on the coupling parameter ⌶ and further expansion to the density distribution is of no significance for the present system. After some algebraic manipulation, the next leading correction equation can be rewritten as
where ⌳ ϩ and ⌳ Ϫ determined the normalization equation ͑21͒ as
counterions, all theoretic density values are smaller than those from Monte Carlo simulation, and, for the coions the theoretic values are approximative to the Monte Carlo simulation data. Figure 5 shows the density distributions of the counterions and the coions as the coupling parameter ⌶ϭ1.0. In Fig.  5 , the theoretic values in the middle of the two plates are slightly larger than those from Monte Carlo simulation either for the counterions or for the coions, but near the two plates, the theoretic values are obviously smaller than those from Monte Carlo simulation. It is seen that the density profiles by SC theory begin to approach uniform as ⌶ϭ1.0. But the change in speed of Monte Carlo simulation curve is not so quick.
In order to make the development trend of the curves clear, we plot the density distributions of the counterions in Fig. 6 with d ϭ2, ⌶ϭ0.1, 1 .0, and 1.5. From Fig. 6 we can clearly see that the curvatures of the density distribution curves get smaller and smaller with ⌶ increasing. At ⌶ϭ1.5, the density distribution curve is very close to a straight line and the distribution of the counterions between the two similarly charged plates approaches uniform. Figure 7 exhibits the results of the counterion distribution by SC theory and those by Monte Carlo simulation with d ϭ2, ⌶ϭ0.1, 1.0, and 1.5. From Fig. 7 , we can find that the development trend of the density profile curves by SC theory is consistent with that from Monte Carlo simulation, i.e., the curvature of the density distribution curves of the counterions either by SC theory or by Monte Carlo simulation gets smaller and smaller and finally approaches zero with the coupling parameter increase. But, in quantity, we have not obtained a completely consistent theoretic result with those from Monte Carlo simulation for our considered system.
V. CONCLUSION
In this paper, we first discussed the possible range of the coupling parameter ⌶ and found that ⌶ can take certain values which are smaller than a finite quantity. For instance, ⌶р5 for the system with NaCl solution between two similarly charged plates. Then, we investigated the distributions of the counterions and the coions between the two similarly charged plates by PB approach and by SC theory, respectively. At the same time, we did Monte Carlo simulation for the same system. By comparing, we found that our results calculated according to PB approach are in agreement with those from Monte Carlo simulation when ⌶Ͻ1. This demonstrates that PB approach is available for the lower coupling parameters. When the coupling parameter is equal to 1 or larger than 1, PB approach is no longer suitable for our model. For the latter, the results calculated by SC theory have the same development trend as those from Monte Carlo simulation with the coupling parameter increase. This indicates that the SC theory can give a qualitatively correct explanation on the density distributions of the counterions and the coions of the system in which the coupling parameter is strictly confined in a certain range. 
into Eq. ͑13͒, the partition function now reads
The partition function becomes even simpler upon transformation to the grand-canonical ensemble according to
where ϩ and Ϫ are the bare fugacities which are the exponentials of the particle chemical potentials. Using the definition of the exponential function, e x ϭ ͚ Nϭ0 ϱ x N /N!, the grand-canonical partition function can be written as
͑A5͒
After the Hubbard-Stratonovitch transformation, the partition function reads
͑A6͒
The symbol Z denotes the determinant of the Gaussian integral
and is a measure of the free energy of vacuum fluctuations. It is one of the contributions of the van der Waals interaction, which is due to static fluctuations of the electric field. The main achievement of the transformation is that now the particle coordinates only enter linearly and can be integrated out exactly. We note that the inverse Coulomb operator follows from Poisson's law, which in reduced units reads ␦(r)ϭ
͑A8͒
Substituting Eq. ͑A8͒ into Eq. ͑A6͒ and integrating the latter equation, we have
͑A9͒
Next, we rescale all lengths by according to rϭr, after which we obtained the modified partition function
APPENDIX B: THE PARTITION FUNCTION AT STRONG COUPLING CASE
Applying again the Hubbard-Stratononvitch transform to Eq. ͑13͒, we obtain the partition function in field-theoretic form
where the v(r) is some general potential and ͐ D denotes a path integral over the fluctuating field . While this transformation can be used without problems when v(r) is the Coulomb potential, for the hard-core potential this can be more problematic because it does not even have a well-defined inverse function. We will anyway take this formal step for the hard-core potential, and as we will see later, the way we handle the resulting expressions leads to finite results. The normalization factor Z corresponding to Z in Eq. ͑A7͒ can be written as
͑B2͒
For simplified calculation we use the grand-canonical ensemble. This is achieved through the transformation
where ϩ and Ϫ are the fugacities of the counterions and the coions, respectively. We perform the sum over N ϩ and N Ϫ without constraints, i.e., without imposing the electroneutrality condition qN ϩ ϪqN Ϫ ϭ2A, where A is the area of one plate. Substituting Eq. ͑B1͒ into Eq. ͑B3͒, we obtained the grand-canonical partition function as 
͑B8͒
where the expectation value of the fluctuating field is taken with respect to the Gaussian part of the rescaled action, Eq. ͑B7͒. The Gaussian expectation values can be performed exactly. Next we write out the front three terms as Eq. ͑22͒ in the text.
